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THE GREEN CORRESPONDENCE FOR THE REPRESENTATIONS
OF HECKE ALGEBRAS OF TYPE 4,_,

JIE DU

ABSTRACT. We first prove the conjecture mentioned by Leonard K. Jones in his
thesis. By applying this conjecture, we obtain that the vertex of an indecom-
posable #r-module is an /-parabolic subgroup. Finally, we establish the Green
correspondence for the representations of Hecke algebras of type A4,_; .

INTRODUCTION

Let R be a Q[u!/?]-algebra in which u!/? is invertible. Let (W, S) be the
symmetric group on r letters where S is the set of basic transpositions. Then
the Hecke algebra #% corresponding to W is a free R-module with basis
{Ty; w € W} which obey the following multiplication rules (see [Du]):

TT—{T“’" if w < ws,
wLs —

(u=V2 — uV)T,, + Tys, otherwise,

where “<” is the Bruhat orderand w e W, se€ S.

The study of the representations of the Hecke algebra #; has turned out
many remarkable g-analogues of the representations of the symmetric groups
(see [DJ1 and 2, Ho and Jo]). In this paper we shall generalize some basic results
of Green along the lines of the work of L. Jones (see [Jo]). We organize the pa-
per as follows: After recalling some basic results, we shall prove the conjecture
(Theorem 2.7) which has been mentioned in [Jo, 5.3]. The Brauer homomor-
phism constructed by Jones will play a key role in proving that conjecture. With
the aid of this conjecture, we obtain that the vertex of an indecomposable #z
module is an /-parabolic subgroup. In the last section, we shall establish the
Green correspondence for the representations of Hecke algebra #% .
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1. INDUCED AND INDECOMPOSABLE MODULES

Let [ be a positive integer, / < r, and ®;(x!/?) is the /th cyclotomic poly-
nomial in u!/2. Let R; be the completion of the polynomial ring in the inde-
terminate u!/2 over Q localized at the maximal ideal generated by ®;(u!/?).
Let K be the quotient field of R; and F the residue class field R;/nR; where
n is the generator of the maximal ideal of R;.

We call that (K, R;, F) is a characteristic 0 modular system. Let R €
{K, Ry, F}.

Let 4 be a composition of r. (A composition 2 of r, denoted A F r, is
a finite sequence (4;, 42, ..., 4,) of nonnegative integers whose sum is r.)
Then the standard Young (or the parabolic) subgroups W, of W consists of
those permutations of {1, 2, ..., r} which leave invariant the following sets of
integers {1,2,..., A1}, {Ai+1, A1 +2,..., 4+, {Ai+4+1, ...}, ...
A parabolic subgroup H is called [/-parabolic if, for each proper parabolic
subgroup H' of H,

d
<I>1(u)ld—:

where dy denotes the Poincaré polynomial of W’ for any parabolic subgroup
W' of W .

If W' is a parabolic subgroup of W,k we denote by Dy the set of all
distinguished coset representatives of right cosets of W’ in W and set 9, =
Dy if W' =W, . Let 5, =2;nZ, ! Then Z,, is the set of distinguished
W, — W, double coset representatives. Also, the R-module Y ., RT, is a
subalgebra of #z, which is called the parabolic subalgebra of #%, denoted by
#w . We will use the abbreviation # instead of Zy;, .

If M is an #z-module and N is an #-module, then we denote by M
the restriction of M from #-module and denote by N#% = N ®z #r the
induced module of N. The g-analogue of Mackey’s decomposition theorem
for finite groups holds (see [DJ1, Jo]).

1.1 Theorem (Mackey’s decomposition). Let A, uFr andlet N be an #R-7#,
bimodule then
(N )z = D [(Noy Ta) ®x, ),
dGQ;_,‘

where v(d) is defined by W,y =WenW, forall d € Z,,. O

Let M be a finitely generated indecomposable right #z-module. Then, by
[Jo, 3.35], there exists a parabolic subgroup W, of W unique up to conjugation
such that M is relatively #-projective (see the definition in [Jo, Chapter 3])
and such that W, is W-conjugate to a parabolic subgroup of any parabolic
subgroup W, of W for which M is relatively ~Z,-projective.

We call W, the vertex of M . In the next section we shall see that the vertex
of M must be an /-parabolic subgroup of W .

Mackey’s theorem can be used to prove the following result.

1.2 Proposition. Let W, be the vertex of the indecomposable #i-module M .
Then
(a) There is an indecomposable #-module N such that M|N% .
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(b) If N’ is another indecomposable Z#;-module with the property (a), then
there is an element
d € N, W(VV,) NGy,

such that _
NEN®zT,

as #,-modules.

The notation X|Y means that X is isomorphic to a direct summand of Y
and Ny (W;) denotes the normaliser of W; in W .

Proof. Since M is relatively /Z-projective, we have
M|\M @4 #% .

Thus, there is an indecomposable direct summand N of Mgz such that
M|N ® #r .

Hence (a) follows.
Assume that V' is an indecomposable #-module with

MV Q4 #% .

Since N|Mj we have
N|(V @z #r)% -

By Mackey’s theorem,

Voxtr P (Veox T8z, %)
€D,

where v(d) is defined by W, = W2 N W;. Thus by Krull-Schmidt theorem,
there is d € Z;,; such that

NV &z Ty @z, % .

Therefore _
MV Q% T; ®%, #&.

Since W, is the vertex of M it follows from Higman’s criterion [Jo, 3.34] that

We Cw Wy = Wi nW;.

(d)

Therefore
W,=WinW, and de€ Ny(W,).

Thus we have B
NV ozTy.

Since V' is indecomposable, so is V ® f’d , hence
N2V Q® FA Td
as #-modules. O

The module N is called a source of M .
To study the representations of Hecke algebras, the relative norm plays a
remarkable role (see [Du, Jo]). Here is the definition of relative norms.
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1.3 Definition. Let A, 4 be compositions of r such that W, C W, . Let M
be an #;-#, bimodule and b € M . Define the relative norm

NW,‘,WA(b)= Z j:‘w—lbfvw-

’U)egﬂ-\%

There are a number of nice properties of relative norms which will be used
freely in the subsequent discussion. These results are mostly due to P. Hoefsmit
and L. Scott. One can find a complete proof in [Jo, Chapter 3].

Let M be an #-#, bimodule. We define

Zy(A)={meM|hm=mhforall he Z}.

Obviously Z(#)) = Z#(#,) is the center of /# and, for M = Homg(N, N)
where N is a right /-module,

Zu() = Homg(N, N).

One can describe a basis of the center Z(#z) of #% or a basis of the g-
Schur algebra Sg(n, r) in terms of relative norms (see [Du, Jo]), which give us
much more facilities.

Let P = W ,-«y where k satisfies r = k/+s, s < /. In [Jo, 5.3] there is
a conjecture as follows:

1.4 Conjecture. Nw p(1) is invertible.
We shall prove this conjecture in the next section.

2. THE INVERTIBILITY OF Ny p (1)

In [Jo] a Brauer-type homomorphism is constructed and the image of certain
basis of Z(#z) is discussed modulo a conjecture which has been proved in
[Sh, Proposition 11]. The proof of Proposition 2.6 below is motivated by the
argument in [Jo].

Let y=(I/,r—1[). Then Z = # ® #_, where # = Z - and Z_; =
Z\i,,—1y- Since W is a disjoint union of the subsets W, and W'xW’ for
x ¢ W, and W' = Wi, 1r-1y» that is,

W=WyU( U W’xW’)

x¢W;
(see the proof of [Jo, 5.1.5]), we have
(2.2) Z(R) C Zx(#) = Z() © Zm, ()

where M, =@, ¢ Wy%jf}%.
Let 7 be the projection of Z(#z) onto Z(#;) and let o be the canonical
map from Z(#) onto Z(#Z)/Nw: 1(#)N Z(#,). Then the map

f=0on: Z(#&) = Z(#)/Nw: 1 (#) N Z(H)

is an algebraic homomorphism which is called the Brauer homomorphism, fol-
lowing Jones.
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2.1 Lemma. Let n be as above and let
h=> ayTy € Zz (7).
w

Then n(h) =0 ifandonly if s;=(,1+ 1) <w forall w with a, #0.
Proof. Immediate from the fact that w ¢ W, ifandonlyif s, <w. O
2.2 Lemma. Z(Z)/Nw: (%) N Z(#) = [Z(H)/Nw ()] Z(#-)).
Proof. We first claim that

(2b)  Nw (A ® Z(H—1) = (Nw 1 (F]) ® &) N (Z(H]) ® Z(H-1)) -

Obviously, the left-hand side of (2.b) is contained in the right-hand side. Let
{vi, 1 <1< s} be abasis of Z(#) such that {v;, 1 < i<t} is a basis of
Ny ((A). If a= Zﬁ.:l v; ® a; is an element of right-hand side of (2.b) then
it is easy to see a; € Z(#/_;). Hence the claim is proved. Thus by the claim,

Z(A)|Nw () N Z(7;)
2[Z(A) ® Z(Z -/ [Nw () @ 1 N Z(H]) ® Z(Z-1)]
2 [Z(H) ® Z(Z -1/ [Nw: 1(F]) ® Z(#_))]
=[Z (%/NW'J(Z/)]@Z( 1) -

Hence the result. O

Let Z = Z(#)/Nw: 1(#) and let r=kl+s, s<[. Foreach m, 1 <m <
k we define

I

frn=(1dz® - ®idz ®f)o---0(idz®f)o f.
| e
m—1
Then f, is a homomorphism from Z(#z) into
2R - ®Z QL(H_,)-
N e’

If e is a central primitive idempotent of #% then we say that the defect of
e is m if f,(e) #0 and f,,.(e)=0.

2.3 Lemma. Let e be a central primitive idempotent of #x. Then eZ(7ZR) is
a local ring.

Proof. Let
=2’ @ AR

Then # is an % -module defined by
h(h, ® hy) = hihhy

for h, hy, hy € #&, and the & -submodules of #; are ideals of #;. So e/%
is an indecomposable %7 -submodule. Hence Endy (e#z) is a local ring.
Since Endg, (e#Zz) = e#%, it follows that

Endy (e#&) = Z(e#r) = eZ(HZr),

hence the result. O
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2.4 Lemma. Let e be a central primitive idempotent and f(e) # 0. Then
there exist pairwise orthogonal primitive idempotents {e;i1}i<i<s, {€i}1<i<s Of
Z,Z(#_;) respectively such that

fle)=> ex®en.
i=1

Moreover, if the defect of e is m then the defect of e <m —1 forall i.
Proof. Let {e;}, {e}} be the pairwise orthogonal primitive idempotents of Z,
Z(#,_;) respectively such that

lz=) e, lzm =) ¢
i j

Then
lzozwm) = ) _€i®¢
i,j

is a decomposition of primitive idempotents of the identity of Z ® Z(Z_;).
Since f(e) is an idempotent of Z ® Z(#_;) we may find an expression of
f(e) as desired.
Suppose that there is ¢, 1 < ¢ < s, such that e, is of defect > m. Thus

fm(en) # 0 and therefore

S

Sme1(€) = idz(ei1) ® fm(en) #0.
i=1

This is contrary to our assumption. So the defect of ¢; <m —1 forall i. O

Let 1 denote the anti-automorphism of # defined by i(T,) = T,,-1 and
1?=1. Let Py, = W/(I(k—m)l,[m,lr—kl) ,0<m<k.
2.5 Lemma. Let ey be a central primitive idempotent of #z with defect 0.
Then Nw p (1)eg is invertible in eyZ (#R).
Proof. Let x be the irreducible character of # over R = Q(u) associated
with e’ =1(ep). d, denotes the generic degree of . Then

dw Z0 mod(®d))
dX
(see [Jo, 5.2.29]). By the proof of [Jo, 3.5] we have
N (€' = T y(1)e' 20 moa(@).
X
Therefore,

Tr(Nw 1 (1)) = C;—Tx(l)z £0 mod(®)).

On the other hand, we have
Tr(Nw,1(1)e’)

Tr(Nw ,p (Np,,1(1))e")
S Tr(Ty-1Np 1 (1) Twe')
w€9pk

= Z Tr(Ty Tpy-1€' Np, 1 (1))

wWEDp,
— Tr(l(NW,Pk(l))e/NPk’1(1)) .
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Since 1(Nw, p(1))e’ commutes with Np (1) we have 1(Nw p,(1)ey) is not
nilpotent, hence Ny p (1)ep is not nilpotent. Hence Ny p,(1)ep is invertible
in egZ(#z) since egZ(A#z) is a local ring. O
We now fix some notation. Let
do=1, dp=0U,1+m{-1,14m-1)---(Il-m+1,1+1)
for 1 <m < m(l) =min{l/, r —[}. Then by [Jo, (5.2.2)]
Dy ={dm| 0 <m < m(l)}
and
Gm = I’Vydm n I/Vy = I/V(I—m,m,m,r—l—m) .
2.6 Proposition. Let F be the Brauer homomorphism,
[ Z(ZR) — [Z(Z) [Nw: ()] © Z(Z 1) -
Then
f(NW,Pk(l)) = kNWy,Pk(l) .
Proof. By the transitivity of relative norm we have
Nw p (1) = Nw w,(Nw, p(1))

(2.c) md) - -
=" Nw,.6.(T4, Nw, 5()Ty,).

m=0
Let W" = Wy ,_;y. Then Gy = Gm1 x Gump where Gpmy, Gma are the
intersections of G,, with W' 6 W" respectively. Since
Nw,,p (1) = Nwr p,_ (1) € Z5,, (%5,,)
we may write by (2.a)
Nw, p,(1) = Ny + Tin

where N,, € Z(#;,,) and

Tw= Y, b.T..

zew"
z ¢ GmZ

Thus, if d,,zd,, € W, with 7, involved in T,,, then
dmz dpm € Wi O W, = Gy,

hence
z€ G =Gp.
It follows that (/ + m,/+m+ 1) € G, since z € W’ and z ¢ G,;. This
is impossible. Therefore d,zd,, ¢ W,. Thus each term T, involved in
Td,,. Tz Td,,. satisfies s; < w . Therefore, by 2.1,
n(Nw, 6, (T4, TmTg,)) =0.

We now examine N,,. By [Jo, 4.33] we express N,, as a linear combination

of the basis of Z(#,,):

Nu= Y Ny, w.(l)
at(r—1)
WugGmZ

where 7, € Z(Zw,) .
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Let _
No = Z ayTy .

weW,
Then by [Jo, 5.2.21] we have

Tdm Na Tdm = z Ay Tdm Tw Tdm

WEG
= Z Ay (Tdmwd,,. + Z waTx>
WEGm2 xXeEW
§<x
= Napady + 3 €1

§1<z
where 14,04, € Z(#yam). Thus if we denote S, = Gm1 x W, then by [Jo,
5.2.10] we have
Tin Ny, w,(1a) T, = T4, No,,. 5. (1) T,

= z Td,,,x—lnaTxa'm
X€Ds,NGm

= Y Te(Tynalu,)Te
fegsdmﬂGm

= N, sin(Ndpad,) + > duTy.

s <w

/4 (Nu/y,(;m (Z dwTw)) =0
S <w

and if 0 < m </ then Ngan (1) is invertible by [Jo], thus
ml >

Therefore, by (2.1),

NW, ,G,,.(N(;m , §dm (ndmadm)) = NW/ ’G:!”ll (I)NW,, , Wim (”dmadm)

= Nw' 1 (]—V—GmNWu,%dm(ﬂdmadm))
which lies in the kernel of o .
By observing (2.c) and the above arguments we obtain that
Nw, p (1), if m(l) <!,
Yoo, 1 SNy, 6T N, 2, (D Tg,)), i m(l) =1
In particular, if k =1 then m(/) </ and
f(Nw,p(1)) = Nw,,p(1).

So the assertion is true for k = 1. Assume now that k > 1. Then m(/) =/
and we have

f(Nw p(1)) = N, p,(1) + f(Nw, ,6,(Ty Nw,,p.(1)Ty,)) -

f(Nw,Pk(l))={
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By induction we get
Nw, p,(1) =Ny p_ (1) = (k= DNw,, p_ (D+ > fuTw

wew"
21,21+ 1)<w

where W, = Wy ; ,_y;) - Thus similar reason as before shows that

n(NWy,GI <Td1 Z fwTwle)) =0.

wew'"
21,21+ 1)<w

So we eventually obtain that
f(Nw (1)) = N, p,(1) + f(Nw, .6,(Ty4,(k = )N, p_,(1)T4))
= Ny, (1) + (k = 1) f(Nw, 6,(T4Ng, . p, () T))
= Nw, p,(1) + (k = 1) f(Nw, p(T}))

= Nw, p(1) + (k — 1)Nw, p(1)
= kNVVV ’Pk(l)

since P,f’ = P, and
T;=Ti+ ), gulu

weW
si<w

by [Jo, 5.2.20]. O
2.7 Theorem. Let e be a central primitive idempotent of #Zzr . Then Nw p(1)e
is invertible in eZ(#r). Therefore Nw p (1) is invertible in Z.

Proof. The first statement is true if e is of defect 0 by (2.5). Assume that e
is of defect m > 0. By (2.4)

s
fle) = Zen ® ez
i=1
where e;;, e;; are the central primitive idempotents of Z, Z(#_;) respec-
tively, and the defect of e;; < m . Thus by the previous proposition,

S(Nw p.(1)e) = f(Nw p(1))f(e)
=kNw, p(1)D en®en

= kZe,-l ® NW”,Pk_l(l)eiZ'
i

By induction we have that Ny« p,_ (1)e;2 is invertible in e, Z(#_;) forall i,
and {e;1 ® e2}1<i<s is orthogonal pairwise. So f(Nw p(1)e) is not nilpotent.
Therefore, Nw _p (1)e is not nilpotent. So it is invertible in eZ(#z) since
eZ(#z) is a local ring.

Let 1= Zf=1 e; be a decomposition of central primitive idempotents of the
identity of #z. Then

S
Nw.p(1)=>_ Nw p(l)e:.
i=1
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Since Nw p (1)e; is invertible in e;Z(#z) for all i we have Ny p (1) is in-
vertible. O

3. GREEN CORRESPONDENCE

In this section we shall present a couple of applications of Theorem 2.7.

Recall from §1 that if M is an indecomposable #z-module then there is
a “minimal” parabolic subgroup W, of W such that M is relatively Z;-
projective. Such a group W), is called a vertex of M . Now we can say more
about the vertex.

3.1 Theorem. Let M be a finitely generated indecomposable #x-module. Then
the vertex of M is an I-parabolic subgroup of W .

Proof. Let H be the vertex of M and P the maximal /-parabolic subgroup
of H. Then, by Higman’s criterion,

Nw . n(Homg, (M, M)) = Homg, (M, M).

Since Ny p(1) is invertible, we have

NW,H(HOIH%(M,M))=NW,1J( Hom%(M,M))

1
Ny p(1)
C Nw,p(Homg (M, M))

therefore
Nw , p(Homg, (M, M)) = Homg, (M , M).

By Higman’s criterion again we get M is relatively Zp-projective. This forces
P=H. 0O

In the modular representation theory of finite groups, the Green correspon-
dence connects indecomposable modules for the group G with modules for its
local subgroups (see [Al, F]). Now, we start to establish a g-analogue of the
Green correspondence for the representations of Hecke algebras. Such a gen-
eralization becomes apparent as soon as 3.1 is set up. First of all we need a
couple of lemmas.

3.2 Lemma. Let M be an indecomposable #&x-module with vertex W, and
W, is a parabolic subgroup containing W;. Then there is an indecomposable
#,-module N satisfying any two of the following statements:

(a) N|Mz;

(b) MIN &z, Zi;

(c¢) N has vertex W;.

Proof. Since W, is a vertex of M we have
M|\M Q4 AR .

Thus,
M|(M ®z #,) @z, A&
since W; C W,. Hence, M is relatively #,-projective by Higman’s criterion.
Therefore
MM @z & .



REPRESENTATIONS OF HECKE ALGEBRAS OF TYPE 4,_; 283

Thus, there is an indecomposable summand N of M,y/; such that
M|N Rz AR .

So (a) and (b) hold.

Let V be asource of M. Then M|V ®4 # and hence, M|(V#%)#% . Thus
there is an indecomposable summand N of V% with M|N# . We claim that
N has vertex W;.

Since N|V% ,wehave N is relatively -projective, so there is a vertex W
of N with W, C W;. Let V' be a # ,-module with N|(V')% . Then

NTR|(V)%)% and (V') = (V')

hence

MINR|V' @4, Zx .
That is M is relatively # -projective. Thus W, contains a conjugate of W;.
Since W, C W; we have W, = W, . (b) and (c) are true.

By the proof of 1.2 there is an indecomposable Z-module V such that
V|Mgy and M|V# . Hence there is an indecomposable #,-module N with
N|Mz and V|Ngz . We shall prove that N has vertex W;.

Since N|Mz, we have N |(V#k) %, - By Mackey’s theorem there exists d €
%, such that

N|V®g¢ Td ®;;(d)%.

Hence N has a vertex Wy with W, C W," NW, = W,g . Assume that V' is
a source of N, N|V'®g, #,. Thus

VIV @z, Z5)z -

T

By Mackey’s theorem we see that V' is relatively #y:nw,-projective for some
z. Thus M is also relatively Zy:nw,-projective, hence W, Cw WZinWg.
Therefore, ‘

Wy =Wg¢ (deZDy)

since W, C W2 . Hence W, is a vertex of N. (a) and (c) hold. O

3.3 Lemma. Let 7, p be as in 3.2. If N is a relatively Z-projective #,-
module, then
(Now ZR)7, ENSY
where every indecomposable summand of Y is relatively projective for a subgroup
of the form
W,anp, fordeZ,,, d#1.
Proof. Since N is Z-projective we have N|V ®4 #, for some #;-module
V. Thus
VopZy=NaT
for some #,-module T .

Now,
V @z Zr = (N @z, Zr) ® (T ®z #R)

and
VexrR)zy=NoYoToX
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where
(N@z ZR)w,=N&Y, (IT®zxR)z=To6X

for suitable #,-modules X, Y by Mackey’s theorem.
On the other hand, by Mackey’s theorem again,

Vertrn= D Verliez, %) =Vex#ZolU
dez.,

where d = 1 gives V®4#, ,the U is the direct sum of all terms for d # 1 and
so each indecomposable summand of U is relatively projective for a subgroup
of the form W2nW,, d € 2,,, d # 1. The Krull-Schmidt theorem implies
that Xo Y= U. So Y is as claimed. O

From now on we assume that W, = W,/ r—miy, Wo = Wm 1--my. Then
Wp ) NW(%) 2 I/I/El"',r—ml) 2 VVO

Let £ be the collection of all parabolic subgroups of W . If % is a collection
of parabolic subgroups of W, then P ey ¥ for P € &% means P = H* for
some He ¥, xeW. v

We say that #z-module M is relatively #-projective if M = @, M;, and
each M, is relatively projective for a group in ..

Let

Z={HecPHCWInNW,forsomede W,d¢W,},
?:{He%HgWé’nW,, forsomed e W,d ¢ W,},
Z ={P € P|P C W, is l-parabolic, P ¢w 2} .

Observe that W, 2 Ny (W), & consists of proper subgroups of Wy, but
WyeZ.

3.4 Lemma. If W; is an l-parabolic subgroup of Wy then the following asser-
tions are equivalent:

(a) W ew &5

(b) W eZ;

(c) We¥;

(d) Weew, % .
Proof. (a) = (b) If (a) holds then there exists x € W with

W, C (W n W)~

for some d € W, d ¢ W,. Since either dx or x is not in W, we have
W, eZ.

(b) = (c) Obvious, since Z C % .

(c) = (d) Obvious.

(d) = (a) Suppose that (d) holds. Then thereexist x e W,, d e W ,d ¢ W,
with

W. C (Wi nW,)*.
Thus,
W, C Wi n W,

and dx ¢ W,. Hence, W, ey 2. O
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3.5 Corollary. (a) If M is relatively Z-projective Zz-module then Mg, is
¥ -projective;

(b) If N is relatively % -projective #,-module with a vertex contained in Wy
for each indecomposable summand of N, then N7 is relatively % -projective.
Proof. If L is an indecomposable summand of M then L is relatively projec-
tive for a parabolic subgroup W, of the group W;,d NWy,fordeW,d ¢ W,.
Thus we have

LIL @y #z.
By Mackey’s theorem, Ly is relatively projective for the collection &,
F ={Q e P|QC WinW, for some z € Z,}.

Since W7 NW, C (W NWs)*NW, and either dz or z isnotin W, we have
& C ¥ . Therefore Ly and M are relatively % -projective.

On the other hand, if L is an indecomposable summand of N and L hasa
vertex W, with W, € &, W, C W, then L% is relatively /-projective and
W, e Z by 3.4. So L# and N7 is relatively 2’-projective. 0O

We now prove our main result in this section, which is a g-analogue of the
Green correspondence in the representation theory of finite groups.

3.6 Theorem. There is a one to one correspondence between isomorphic classes
of indecomposable #x-modules with vertex in Z and isomorphic classes of in-
decomposable #,-modules with vertex in Z , which can be characterized as
Sollows:

(a) Let M be an indecomposable #z-module with vertex W; in Z . Then
Mg, has a unique indecomposable direct summand f(M) with W; as vertex.

Furthermore,
My = f(M)® (@ Ni>

where a vertex N; liesin % forall i.
(b) Let N be an indecomposable #,-module with vertex W, in Z . Then
N# has a unique indecomposable direct summand g(N) with W, as vertex.
Furthermore,

N% = g(N) ® (@ M,)

J

where M has a vertex in Z forall j.

(c) In particular, g(f(M))=M and f(g(N))=N.
Proof. (a) By 3.2 there is an indecomposable #,-module V' with vertex W,
and

(3.a) M|V @z Z& .
Applying 3.3 we obtain
(V®Z]%)% =VeyY

where Y; is % -projective. Thus, Mg is isomorphicto V@Y or Y for some
summand Y of Y;. However, again by 3.2, Mz has an indecomposable
summand V'’ with vertex W;. Now we claim that V'’ cannot be isomorphic
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to a summand of Y;. Otherwise, W; €y, % by [Jo, 3.35], hence W; ey 2
by 3.4. This is contrary to W; € Z . Hence V' =V and

(3.b) My =VaY

just as claimed. The argument also shows ¥’ is unique up to isomorphism. Let
S(M)="V.Then f is well defined.
(b) Let

(3.c) NZR=M oMo - &M,
be a direct sum of indecomposable #z-module. Since, by 3.3,
(N*#) 2 N&Y
where Y is relatively % '-projective, we have, after renumbering, that
(3.d) M)z 2NeoY,, (M)z=2Y, 2<i<t,
where the Y;’s are #;-modules and
Y=Y ehe - aY.

We claim that M, has a vertex in .Z* and that M,, ..., M, are 2 -projective.
Indeed, since M;|N ®4 #z and N|N ®z 7, we have
M, ,'|N Sz R .

Hence M; has a vertex contained in Wy . Let W, C W, be a vertex of M.
Suppose that M, is relatively #’-projective. Then 3.5 implies that (M, )z, =
NaY, isrelatively % -projective. It follows that W, €w, ¥ since the vertex of
N is W;,hence W; ey & by 3.4, a contradiction. So M, is not Z’-projective,
that is Wy ¢ w 2 by 3.4 again. Hence W, € Z, as claimed.

Moreover, if M;, (i > 1) was not relatively 2 -projective then, by 3.5,
(M) would not be relatively % -projective since M; has a vertex contained
in Wy, a contradiction. Hence M; (i > 1) is indeed relatively Z°-projective.
Let g(N)= M,. We have seen that g(N) is unique up to isomorphism, so g
is well defined.

It remains to check (c). By (3.a) and (3.c) we have

MIf(M)R, (M) = g(f(M)) & X

where X is relatively Z7-projective. Hence, g(f(M)) = M . Similarly, (3.b)
and (3.d) imply f(g(N))= N.
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